discretization for inviscid and viscous flows are very different -in terms of stability and convergence rate. This point will be addressed in reference [lo] . However, this paper only concerns itself with steady-state inviscid computations.
In the following section, the generalized Roe's approximate Riemann solver and flux-vector splittings for real gases are reviewed. Due to space limitation, only the AD1 linearized conservative implicit version of the Harten and Yee schemes 1111 and Yee [3] is reviewed here since most of the illustrations are computed with this particular algorithm. The findings concerning the various aspects in improving the convergence rate and numerical examples are discussed in the subsequent sections.
Description of the Numerical Algorithm
The conservation laws for the two-dimensional Euler equations can be written in the form
aU d F ( U ) d G ( U )
-+- Here p is the density, rn = pu is the x-component of the momentum per unit volume, n = pv is the y-component of the momentum per unit volume, p is the pressure, e = p[c + ! j (u' + u')] is the total internal energy per unit volume, and c is the specific internal energy.
A generalized coordinate transformation of the form ( = ( ( E , y) and-q = q(z, y) which maintains the strong conservation-law form of equation (1) is given by (3b)
Riemann Solvers
Here the usual approach of applying the one-dimensional scalar TVD schemes via the so called Riemann solvers for each direction in multidimensional nonlinear systems of hyperbolic conservation laws (see for example reference [2]) is used. The eigenvalues and eigenvectors of the Jacobian matrices A^ and are used in approximate Riemann solvers. Given two states whose difference is AU, Roe 1121 obtained an average in the &direction, for example, satisfying AF' = AAU for a perfect gas.
The generalization by Vinokur [7] for an arbitrary gas involves the pressure derivatives x = (dp/dp); are obtained by projecting the arithmetic averages of the values for the Flux-vector splitting methods divide the flux F into several parts, each of which has a Jacobian matrix whose eigenvalues are all of one sign. The approach by Steger and Warming [13] made use of the relation F = A U , valid for a perfect gas. Van Leer [6] constructed a different splitting in which the eigenvalues of the split-flux Jacobians are continuous and one of them vanishes leading to sharper capture of transonic shocks. Vinokur and MontagnC (81 showed that the expressions for both these splittings can be generalized to an arbitrary gas by using the variable 7 = p c 2 / p , and adding to the split energy flux a term equal to the product of the split mass flux and the quantity 6 -c2/[y(y -I)] (see references [8] and (21 for the exact formulas).
Description of the Implicit TVD schemes
Let At be the time step and let the grid spacing be denoted by A t and Aq such that 5 = j A t and rj = kAq. An implicit second-order in space, first-order in time TVD algorithm in generalized coordinates of Yee and Harten for two-dimensional systems ( 1 ) [ 
-
can be taken as is used, and R , + f , k , E i j , k + f study indicated that the latter form appears to be slightly less efficient in terms of convergence rate than the linearized conservative form.
Enhancement of Convergence Rate for Hypersonic Flows
The current study indicated that the following three elements can affect the convergence rate at hypersonic speeds: (a) the choice of the entropy correction parameter 61, (b) the choice of the dependent variables on which the limiters are applied, and (c) the prevention of unphysical solutions during the initial transient stage.
(a). For blunt-body steady-state flows with M > 4, the initial flow conditions at the wall are obtained using the known wall temperature in conjunction with pressures computed from a modified Newtonian expression. Also, for implicit methods a slow startup procedure from freestream boundary conditions is necessary. Most importantly, it is advisable to use b1 in equation (7b) as a function of the velocity and sound speed. In particular with 0.05 5 6" 5 0.25 appear to be sufficient for the blunt-body flows for 4 5 M 5 25. Equation (11) is written in Cartesian coordinates. In the case of generalized coordinates, the u and u should be replaced by the contravariant velocity components, and one half of the sound speed would be from the (-direction and the other half would be from the q-direction. For implicit methods, it is very important t o use (11) in $ ( z ) on both the implicit and explicit operators. For the implicit operator, numerical experiments showed that the linearized conservative form (10) converges slightly faster than the linearized nonconservative form [ l l ] . It seems also that when the freestream Mach number increases, t h e convergence rate of the linerarized conservative form (10) is slightly better than a simplified version which replaces RS++,k and fly,,+: of (10g,h) by maxi $ ( u ; + + ) times the identity matrix. maxi $ ( a : + $ ) and (b). Higher-order T V D schemes in general involve limiter functions. However, there are options in choosing the types of dependent variables in applying limiters for system cases, in particular for systems in generalized coordinates. The choice of the dependent variables on which limiters are applied can affect the convergence process. In particular, due to the nonuniqueness of the eigenvectors R,+ 3, the choice of the characteristic variables on which the limiters are applied play an important role in the convergence rate as the Mach number increases. For moderate Mach numbers, the different choice of the eigenvectors have negligible affect on the convergence rate. However, for large Mach number cases, the magnitudes of all the variables at the jump of the bow shock are not the same. In general, the jumps are much larger for the pressures than for the densities or total energy. Studies indicated that employing the form R,++ such that the variation of the Q are of the same order of magnitude as for the pressure would be a good choice for hypersonic flows. The form similar to the one used by Gnoffo [16] 
IV. Numerical Results
The current study on the shock resolution of the various schemes for two-dimensional steady-state blunt-body computations indicates similar trends as the one dimensional study (91. 
Resolution of First-and Second-Order schemes:
For problems containing complex shock structures, first-order upwind T V D schemes are too diffusive unless extremely fine grids are used. For a bluntbody flow containing a single steady bow shock only, the shock-capturing capability of a first-order upwind TVD scheme seems t o be quite adequate if one is interested in the shock resolution only. However, a careful examination of the overall flow field of the density and Mach number contours of the first-and second-order TVD schemes compared with the exact solution (shock-fitting solution) reveals the inaccuracy of the first-order scheme. Figure 1 compares the resolution of the first-order (setting 9:. = 0) and second-order upwind TVD schemes (10) using the Roe approximate Riemann solver [12] with the "exact solution" for a perfect gas (7 = 1.4) at a freestream Mach number of 10. The computations are performed on a 61 x 33 adapted grid for the full (half) cylinder, which yields a fairly good bow shock resolution by both schemes. However, the contour levels near the body are significantly shifted with the first-order scheme, while the second-order scheme reproduces almost identical results as the exact, solution.
Convergence Rate of Explicit and Implicit TVD Schemes ut Hypersonic Speed:
The five different second-order TVD methods previously studied 191 in one dimension yield very similar shockresolution for the blunt-body problem. In particular, for an inviscid blunt-body flow in the hypersonic equilibrium real gas range, the explicit second-order Harten and Yee, and Yee-Roe-Davis type TVD schemes [2-41 using the generalized approximate Riemann solver [ 71 produce similar shock-resolution but converge slightly faster than a n explicit second-order van Leer type scheme using the generalized van Leer flux-vector splitting [8].
The freestream conditions for the current study are M , = 15 and 25, pm = 1.22 x lo3 N / r n 2 , p, = 1.88-2 k g / m 3 , and T , = 226°K. The grid size is 61 x 33 for the full (half) cylinder (figure 2). For the M , = 25 case, the shock stand off distance is at approximately fourteen points from the wall on the symmetry axis. The relaxation procedure for the explicit methods employs a second-order Runge-Kutta time-discretization with a CFL of 0.5 (solution not shown). The parameter 6 is set t o a constant value of 0.15. Pressure and Mach number contours converge and stabilize after 3000-4000 -steps but the convergence rate is much slower for the density (with a 2-3 order of magnitude drop in Lz-norm residual). The bow shock is captured in two to three grid points. The curve fits of Srinivasan et al. I191 are used t o generate the thermodynamic properties of the gas.
~
The same flow condition was tested on the implicit scheme (10). The convergence rate is many times faster. Figures (3) and (4) show the Mach number, density, pressure and K. contours computed by the linearized conservative AD1 form of the upwind scheme (10) for Mach numbers 15 and 25. Figure 5 shows the slight advantage of the convergence rate of the linearized conservative implicit TVD scheme (10) over the linearized nonconservative implicit TVD scheme suggested in reference [ l l ] . The convergence rate and shock resolution for the symmetric TVD scheme (10,7) behave similarly. For M , = 15 case, the &-norm residual stagnated after a drop of four orders of magnitude. In general, for a perfect gas with 10 5 M , 5 25 and a not highly clustered grid, steady-state solutions can be reached in 800 steps with 12 orders of magnitude drop in the &-norm residual. However, the convergence rate is at least twice as slow for the real gas counter-part. An important observation for the behavior of the convergence rate for the Mach 15 real gas case is that the discontinuities of the thermodynamic derivatives which exist in the curve fits of Srinivasan et al. 1191 might be the major contributing factor. This is evident from figures (3d) and (4d) and from comparing with the convergence rate for the perfect gas result. an angle of 20.9' relative to the free stream impinges on the bow shock. Various types of interactions occur depending on where the impingement point is located on the bow shock. As shown by the Mach contours, the impinging shock has caused the stagnation point to be moved away from its undisturbed location a t the symmetry line. The surface pressures at the new stagnation point can be several times larger than those at the undisturbed location of the stagnation point. In addition, a slip surface emanates from the bow shock and impinging shock intersection point and is intercepted by a shock wave which starts at the upper kink of the bow shock. The interacting shock waves and slip surfaces are confined to a very small region and must be captured accurately by the numerical scheme if the proper surface pressures and heat transfer rates are to be predicted correctly. The 77 x 77 grid used and the convergence rate computed by the implicit scheme (10) are shown in figure  (6) . Though the pattern of the flow is significantly more complicated than for the previous cases, the convergence rate remains quite satisfactory. Detailed study of viscous steady and unsteady flow fields of this type using a fully implicit second-order time-accurate scheme (lo] of the same numerical flux (6-9) for the convection terms are reported in [10,14,15]. It was found that for viscous computations, the scheme suggested by Yee et a] .
Computations
[lo] is more robust than equation (10) which is best suited for steady-state inviscid flows.
IV. Concluding Remarks
Some numerical aspects of the TVD schemes that can affect the convergence rate for hypersonic Mach numbers or real gas flows but have negligible effect on low Mach number or perfect gas flows are identified. Improvements have been made to the various TVD algorithms to speed up the convergence rate in the hypersonic flow regime. Even with the improvement though, the convergence is in general slightly slower for a real gas than for a perfect gas. The nonsmoothness in the curve fits of Srinivasan et al. may be a major contributing factor in slowing down the convergence rate. Due t o extra evaluations per dimension in the curve fitting between the left and right states in a real gas for the van Leer formulation, more computation is required for the van Leer type schemes than for the Harten and Yee, and Yee types of TVD schemes.
Aside from the difference in convergence rate, the numerical results confirm the findings of the one dimensional study. The different methods yield very similar shock-resolution on the blunt body problem with freestream Mach numbers up to 25, and the state equation does not have a large effect on the general behavior of these methods. Further improvements on the AD1 relaxation algorithm could speed up the convergence rate even more. ,.
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Abstract
The recently developed second-order explicit and implicit total variation diminishing (TVD) shock-capturing methods of the Harten and Yee, Yee, and van Leer types in conjunction with a generalized Roe's approximate Riemann solver of Vinokur and the generalized flux-vector splittings of Vinokur and MontagnC for two-dimensional hypersonic real gas flows are studied. A previous study on one-dimensional unsteady problems indicated that these schemes produce good shock-capturing capability and that the state equation does not have a large effect on the general behavior of these methods for a wide range of flow conditions for equilibrium air. The objective of this paper is t o investigate the applicability and shock resolution of these schemes for two-dimensional steady-state hypersonic blunt body flows. The main contribution of this paper is to identify some of the elements and parameters which can affect the convergence rate for high Mach numbers or real gases but have negligible effect for low Mach number cases for steady-state inviscid blunt body flows. 
